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A Note  on the Geometry  of Lattice Planes  
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The University, Sheffield, England 

(Received 2 August 1955 and in revised form 8 March 1957) 

T h i s  n o t e  is a n  a t t e m p t  to  g ive  a carefu l  r e s t a t e m e n t  of a well  k n o w n  resu l t  in l a t t i ce  g e o m e t r y ,  
t h e  p r o o f  of t h e  conve r se  p a r t  of w h i c h  does  n o t  a p p e a r  to  be so well  k n o w n .  

Let  a~, a2, a 3 be three non-coplanar vectors drawn 
from the same origin O. Any  vector p, whether  drawn 
from 0 or not, is called a lattice vector if it can be 
wri t ten in the form 

P = Piai  + p2a2 + P3a3 , (1) 

where p~, p~, Pa are any  integers. Any  point  P whose 
position vector* relative to 0 is a lattice vector is 
called a lattice point; and the set of all such lattice 
points is called the space point lattice whose basic 
vectors or primitive translation vectors are al, as, a 3. 

The plane through any  three non-collinear latt ice 
points P1, P2, P3 is called a lattice plane. If P~, P2, P3 
are three non-collinear lattice points then their  posi- 
t ion vectors have the form 

Pi = Pilal+Pi2a2+Piaa3, i = 1, 2, 3 , (2) 

where each Pi/ i s  an integer and fur ther  det  (Pii) 4:0 
(otherwise the three points are collinear). In  texts  on 
vector algebra it is shown tha t  the vector equation of 
a plane is 

r . r  I = c ,  (3) 

where r is the position vector of any  point  on the plane, 
TI is any  vector normal  to the plane and c is a constant :  
fur ther  c~l~] -2 is the position vector of the foot of the 
perpendicular  from 0 to the plane. If (3) represents 
the lattice plane through Pi ,  P2, P3, then 

Pi . r l  = P2.rl = Pa.ri = c ,  (4) 

since Pi ,  P2, P3 are points on the plane; and so 

( P 2 - P 3 ) . l l  -- ( P a - P 1 ) . ~  = O.  (5) 

Thus the point  with position vector 

P = P 1 + a 1 ( P 2 - P 3 ) + o c 2 ( P a - P 1 )  , (6) 

where ~1, a2 are any  real numbers,  is a point  on the 
lattice plane, as can be seen by subst i tut ing P in (3) 
and using (4) and (5). If ~1, a2 are both integers, then 
P is a lattice vector;  and since each parameter  a~, a2 
can take an enumerable infini ty of integer values, each 

* Subsequently,  all position vectors are relative t o  0 unless 
another  point  is specified. 
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pair giving rise to a different lattice point, the plane 
is seen to contain a double (enumerable) irffinity of 
lattice points not  all of which lie in the same straight  
line. However,  all the  lattice points of the plane ma y  
not  be given in this way by (6), as, for example, when 
½(P2-P3) is a lattice vector. The problem of enumerat-  
ing all the  lattice points of a given lattice plane is not  
simple; it  has been considered by Jaswon & Dove 
(1955). 

If 
Q1 = ( P 2 - P 3 ) ,  Q2 = ( P a - P 1 ) ,  (7) 

then Q1 ^ Q9 is normal  to the plane P1, P2, P3 since, 
by (5), 

(Q1 h 02)  ^ q = ( O l . q ) O 2 -  (O~-.q)Ol = O. 

Further ,  it  can be seen tha t  

01 ^ Q2 = Va($;bl + ~-~b2 + $~ba), (8) 
where 

V~ = (a 1 ^ a2) .a  3; (9) 

b~ = (aj ^ ak)/V,, i , j ,  k = 1, 2, 3; (10) 
t p t 

and $1, ~2, ~3 are integers determined by (2). The 
vectors bl,  b2, b 3 are called the reciprocal basic vectors 
corresponding to the  direct basic vectors al, a2, a3: the 
reciprocal basic vectors define a space point lattice 
called the reciprocal lattice corresponding to the direct 
lattice defined by a 1, a2, a a. Hence the lattice plane 
through P1, P2, P3 is normal to the reciprocal-lattice 
vector 

~'---- ~ b l  + ~=~b2 + ~e~ba. (11) 

If $1, $~, $3 are relat ively prime, i.e. have no com- 
mon factors other than  +1 and - 1 ,  then ~ =  
~1a1+ ~2a~+ $3a3 is called a prime direct lattice vector 
(p.d.1. vector). If, further,  either (i) $1 :> 0, (ii) 
~ 2 > 0 ,  ~ 1 = 0 ,  or (iii) ~ 3 > 0 ,  ~1 = ~2 = 0 ,  then ~ i s  
called a positive prime direct lattice vector (p.p.d.1. 
vector). Similar definitions apply,  mutatis mutandis, 
to the reciprocal lattice. 

Suppose tha t  
= ~1bl + ~2b2 + ~3b3 (12) 

is the p.p.r.1, vector in the direction of ~' of equation 
(11), i.e. ~1, ~ ,  ~3 are obtained from $~, ~ ,  ~3 by 
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dividing them by their highest common factor and by 
( - 1 )  if either (i) ~ [ < 0 ,  (ii) ~ < 0  and ~ = 0 ,  or 
(iii) ~ < 0 and ~ = ~ = 0. The equation (3) for the 
lattice plane P~, P~, Pa may now be written 

r .~  = N ,  (13) 

where, since P~ is a point on the plane and ai. bj=di/, 

~v = P~.~ 
= P a l ~  + Pz~ + P1~3 (14) 
= an integer. 

If r = ha~+r~az+raaa, then (13) may be written 

~ l r l  ÷ ~2r2-}- ~3r3 ---- N .  (15) 

I t  has now been shown tha t  a lattice plane is rep- 
resented by the vector equation (13), where ~ is a 
p.p.r.1, vector and N is an integer, both being deter- 
mined by P~, P~, Pa. The converse resul t - - that ,  for 
any p.p.r.1, vector ~ and any integer N, equation (13) 
represents a lattice plane--is not immediately ob- 
vious. I t  is, in fact, an elementary result in the theory 
of diophantine equations, but, as a proof does not 
appear to be current in crystallographic literature, one 
is now given. 

Suppose that  ~, as in equation (12), is a p.p.r.1. 
t t 

vector and that  a~, c¢.,, a3 are integers such that  

d = c ~ ; ~ + c ~ o ' ~ + ~  (16) 

is the smallest integer greater than zero of the form 

0¢1~:1-1- ~X252 ÷ ~X3~3 ' (17) 

where oh, c%, a3 are any integers. Now, by an elemen- 
tary  result of number theory, ~1 = pd+q, where p, q 
are integers and 0 _< q < d (see e.g. Birkhoff & 
MacLane, 1947). So, by equation (16), 

q = ~ - p d  = ( 1 - p ~ x l ) ~ x - p ~ - p a ~ 3 ,  

which, being in the form (17), must be zero since 
0 < q < d and d is the smallest integer greater than 
zero of the form (17). Thus ~ = p d ,  and so d is a 
factor of ~"  similarly it can be shown that  d is also 
a factor of ~,~3.  Hence d =  1 since ~ , ~ , ~ 3  are 
relatively prime. Thus there exists three integers 
a~, cd, ~ such that  

~ ; ~ + ~ . ; ~ + ~  = l ,  (is) 
and, if N is any integer, 

so that  there exists a direct lattice point 

= (N~ ;)a~ + (Nc~,)a~ + (N~x~)a a (20) 

which is a point of the plane r .~  = N. Further,  the 
lattice vectors 

l a=-$aa~+~2a3 ,  ~ = - ~ a i + ~ l a ~  (21) 

are such that  
la.~ = v.~ = 0 ,  (22) 

i.e. (0 , -~3,  ~)  and (-~2, ~1, 0) are solutions of 

r.~ = rl~l +r2~2+r3~ 3 = O, (23) 

as can be seen by inspection. Hence the point 

A = ;k+pla+q~, (24) 

where p, q are any numbers, lies on the plane r . ~ - - N ,  
since, by (19) and (22), 

lk.~ = lt.~+p(ia.~)+q(v.~) = N .  (25) 

If p, q are both integral then A is the position vector 
of a lattice point lying in the plane. The plane is seen 
to contain a double infinity of lattice points, at least 
three of which are not collinear since la and v are 
generally not parallel: hence the plane is a lattice 
plane. 

This completes the proof of the following theorem" 
Any  lattice plane of the direct lattice can be represented 
by the equation r .~ = N, where N is some integer and 

is some positive prime reciprocal lattice vector; and 
conversely, the equation r.  ~ = N, where N is any integer 
and ~ is any p.p.r.1, vector, represents such a lattice plane. 
The theorem is also true, mutatis muta~utis, for the 
lattice planes of the reciprocal lattice. 

Any plane r.T1 = c is completely characterized by 
the vector r t and the constant c, and may therefore 
be denoted by (c; 11) or (c; ~h, ~1~., ~3). The above re- 
sult shows that  if N is an integer and ~ is a p.p.r.1. 
vector, (N; ~) represents a lattice plane and that  any 
lattice plane can be represented in this way. 

The foot of the perpendicular from 0 to (N; ~) 
has position vector N~]~I -u, so tha t  the seq',ence of 
lattice planes (N; ~), N = 0, +1, +2, . . . ,  are parallel 
and equally spaced a distance I~[ -~ apart, with (N; ~) 
lying between ( N - I ;  ~) and ( N + I ; ~ ) .  

If ~ ' =  n~, where n is a positive integer and ~ is 
a p.p.r.1, vector, then the planes of the sequence 
(N; ~'), N = 0, ± 1, +2 . . . .  , are parallel and equally 
spaced a distance [~'1-1 = n-X]~] -1 apart. Those planes 
in this sequence for which N = ns, s = 0, + 1, +2 . . . .  , 
are the corresponding lattice planes (s; ~). Further- 
more, the remaining planes of the sequence (N; ~') 
cannot be lattice planes since r . ~ ' =  N implies 

rl~el + r2~ 2 + r3~ 3 : I / n  , 

which, since in this case N/n is a fraction and $1, -~2, ~ea 
are integers, can never be satisfied if rl, r~., r a all have 
integral values. The planes of the sequence (N; ~') 
have the significance tha t  they are the nodal planes 
of the functions sin ~n(r .~) .  

Bince the lattice plane (N;~) cuts the lines drawn 
from 0 parallel to al, a2, a a at points distant Nal/~i , 
Nag/$2, Na3/~ z from O, the Miller indices relative to 
a 1, a 2, a a of the plane are proportional to ~1, ~2, ~3 
and hence, by the theorem proved here, are propor- 
tional to integers. 

References  

BIRKHOFF, G. & MAcLA:~E, S. (1947). A Survey of~Iodern 
Algebra, chap. 1. New York: Macmillan. 

JASWON, M. A. & DOVE, D. B. (1955). Acta Cryst. 8, 88. 


